I. INTRODUCTION
R ECENTLY, light emitting diode (LED) based visible light communication (VLC) has attracted significant attention [1] - [4] . VLC systems can provide both illumination and high speed data transmission for indoor environments. In addition to communications, LEDs can also be utilized for positioning [5] - [10] . Since multipath effects are not significant in line-ofsight (LOS) visible light channels, accurate positioning can be performed via visible light positioning (VLP) systems. High accuracy provided by VLP systems can facilitate various applications and services such as robot navigation, asset tracking, and location specific advertisement [2] , [5] .
In VLP systems, various types of parameters such as received signal strength (RSS), time-of-arrival (TOA), time-differenceof-arrival (TDOA), and angle-of-arrival (AOA) can be employed for position estimation. In RSS based systems, the position of a VLC receiver is estimated based on RSS measurements between the VLC receiver and a number of LED transmitters [8] , [9] , [11] - [14] . Unlike in radio frequency (RF) based systems, the RSS parameter can provide very accurate position related information in VLP systems since the channel attenuation factor does not fluctuate significantly in LOS visible light channels. The authors are with the Department of Electrical and Electronics Engineering, Bilkent University, Ankara 06800, Turkey (e-mail: keskin@ee. bilkent.edu.tr; gezici@ee.bilkent.edu.tr).
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In [8] , a complete VLP system based on RSS measurements and trilateration is implemented and the achieved sub-meter accuracy is compared against other positioning systems. In [9] , Kalman and particle filtering are employed for RSS based position tracking in VLP systems. The study in [11] utilizes a single LED transmitter and multiple optical receivers for position estimation, where the position of the receiver unit is determined based on RSS measurements at multiple receivers. In [13] , an RSS based VLP system is designed and a multiaccess protocol is implemented. The proposed system can guarantee decimeter level accuracy in almost all scenarios in the presence and absence of direct sunlight exposure. A carrier allocation VLC system is proposed in [14] for RSS based positioning and experiments are performed to illustrate its centimeter level average positioning accuracy. The studies in [6] and [15] consider the use of the time delay parameter for positioning. In particular, [6] investigates the theoretical limits on TOA estimation for visible light systems. In [15] , TDOAs are calculated at a VLC receiver based on signals from three LEDs and two-dimensional (2-D) position estimation is performed based on TDOAs. As another alternative, the AOA parameter can be utilized for localization in VLP systems [10] , [16] , [17] . For example, the study in [10] considers a multi-element VLC system and exploits the narrow field of view of LEDs to extract position related information from connectivity conditions. Based on a least-squares estimator and Kalman filtering, average positioning accuracy on the order of 0.2 m is reported. Although there exist many studies on VLP systems, theoretical limits on estimation accuracy have been considered very rarely [6] , [7] . Theoretical limits for estimation present useful performance bounds on mean-squared errors (MSEs) of estimators and provide important guidelines for system design. In [6] , the Cramér-Rao lower bound (CRLB) is presented for distance (or, TOA) estimation in a synchronous VLC system. The effects of various system parameters, such as source optical power, center frequency, and the area of the photo detector, are investigated. Simulation results indicate centimeter level accuracy limits for typical system parameters. The study in [7] derives the CRLB for distance estimation based on the RSS parameter, and investigates the dependence of the CRLB expression on system parameters such as LED configuration, transmitter height, and the signal bandwidth. Again, CRLBs on the order of centimeters are observed for typical system parameters.
In this study, a generic signal model, which covers TOA based [6] and RSS based [7] distance estimation as special cases, is considered, and theoretical limits and estimators are derived. In particular, the CRLBs and maximum likelihood estimators (MLEs) are investigated for both synchronous and asynchronous scenarios and in the presence and absence of a relation between distance and channel attenuation factor. In this way, in addition to TOA based and RSS based distance estimation, hybrid TOA/RSS based distance estimation is introduced for VLP systems, and theoretical links and comparisons are provided between the current study and those in the literature [6] , [7] . Also, via the CRLB expressions, the accuracy limits for TOA based, RSS based, and hybrid TOA/RSS based distance estimation are compared analytically. Furthermore, asymptotic results are obtained for the MLEs under sampling rate limitations, and a modified hybrid estimator is proposed to perform accurate distance estimation in practical scenarios. The main contributions and novelty of the paper can be summarized as follows:
r The hybrid RSS/TOA based distance estimation is proposed for VLP systems for the first time. In addition, the CRLB and the MLE corresponding to the hybrid RSS/TOA based distance estimation are derived, which have not been available in the literature 1 .
r Analytical expressions are derived for the ratios between the CRLBs for the TOA based, RSS based, and hybrid TOA/RSS based distance estimation. In particular, it is shown that the CRLB for the hybrid TOA/RSS based estimation converges to that of the TOA based distance estimation for β c/x, and to that of the RSS based distance estimation for β c/x, where β is the effective bandwidth of the transmitted signal, x is the distance between the LED transmitter and the VLC receiver, and c is the speed of light.
r Effects of sampling rate limitations on the TOA based, RSS based, and hybrid TOA/RSS based MLEs are characterized via asymptotic MSE expressions as the noise variance converges to zero.
r To provide performance improvements in the presence of sampling rate limitations, a modified hybrid TOA/RSS based estimator is proposed based on the hybrid TOA/RSS based MLE. In addition, slightly more general CRLB expressions than those in [6] and [7] are presented for the TOA based and RSS based distance estimation, and the conditions under which the CRLB expressions in [6] and [7] arise are specified. Furthermore, comparisons among different approaches are provided in terms of theoretical estimation accuracy and robustness to sampling rate limitations. Numerical examples are provided to investigate the theoretical results.
The remainder of the paper is organized as follows: The system model is introduced and the parameters are defined in Section II. The CRLBs and the MLEs are derived for synchronous and asynchronous scenarios in Section III, and comparisons are presented among the CRLBs in various cases. In Section IV, the asymptotic MSEs are derived for the MLEs when the noise variance goes to zero, and the modified hybrid TOA/RSS based distance estimator is proposed. Numerical examples are presented in Section V, followed by the concluding remarks in Section VII.
II. SYSTEM MODEL
In an indoor VLP system, LED transmitters are commonly located on the ceiling of a room, and a VLC receiver is located on an object on the floor. Based on the signals received from the LED transmitters (which have known positions), the VLC receiver can estimate its distance (range) to each LED transmitter and determine its position based on distance estimates. The aim in this study is to investigate the fundamental limits on distance estimation.
Consider an LED transmitter at location l t ∈ R 3 and a VLC receiver at location l r ∈ R 3 in an LOS scenario. The distance between the LED transmitter and the VLC receiver is represented by x, which is given by x = l r − l t 2 . The received signal at the VLC receiver is expressed as [6] 
for t ∈ [T 1 , T 2 ], where T 1 and T 2 specify the observation interval, α is the attenuation factor of the optical channel (α > 0), R p is the responsivity of the photo detector, s(t) is the transmitted signal which is nonzero over an interval of [0, T s ], τ is the TOA, and n(t) is zero-mean additive white Gaussian noise with a spectral density level of σ 2 . It is assumed that R p and s(t) are known by the VLC receiver. Also, the TOA parameter is modeled as
where x is the distance between the LED transmitter and the VLC receiver, c is the speed of light, and Δ denotes the time offset between the clocks of the LED transmitter and the VLC receiver. For a synchronous system, Δ = 0, whereas for an asynchronous system, Δ is modeled as a deterministic unknown parameter. It is assumed that coarse acquisition is performed so that the signal component in (1) resides completely in the observation interval
The channel attenuation factor α in (1) is modeled as
where m is the Lambertian order, A R is the area of the photo detector at the VLC receiver, φ is the irradiation angle, and θ is the incidence angle [6] , [8] . For compactness of analytical expressions, it is assumed, similarly to [6] , [7] , [11] , that the LED transmitter is pointing downwards (which is commonly the case) and the photo detector at the VLC receiver is pointing upwards such that φ = θ and cos(φ) = cos(θ) = h/x, where h denotes the height of the LED transmitter relative to the VLC receiver 2 . In addition, as in [6] , [7] , [9] , [11] , it is assumed that the height of the VLC receiver is known; that is, possible positions of the VLC receiver are confined to a 2-D plane. This assumption holds in various practical scenarios; e.g., when the VLC receiver is attached to a cart or a robot that is tracked via a VLP system as VLC receivers have fixed and known heights in such applications (e.g., [5, Fig. 3] ). Under these assumptions,
where
III. CRLBS AND ML ESTIMATORS
In order to calculate the CRLB, the log-likelihood function corresponding to the received signal model in (1) is specified as follows [22] , [23] :
where ϕ denotes the set of unknown parameters including x and other nuisance parameters, if any, depending on the considered scenario (as discussed below), and k represents a normalizing constant that is a function of σ and does not depend on the unknown parameter(s). The CRLB is obtained based on the inverse of the Fisher information matrix (FIM) for ϕ, which can be calculated from the log-likelihood function in (5) as [24] 
where ∇ ϕ represents the gradient operator with respect to ϕ. From the FIM in (6), the CRLB on the covariance matrix of any unbiased estimatorφ of ϕ can be calculated as follows:
where A B means that A − B is positive semidefinite [24] . In the following, the CRLBs and MLEs are derived for different cases.
A. Case 1: Synchronous System
Firstly, the following assumptions are considered: (i) the LED transmitter and the VLC receiver are synchronized (i.e., Δ = 0 in (2)) and (ii) the relation of channel attenuation factor α to distance x is unknown; i.e., a relation as in (4) is not available. The latter is a common assumption in RF based distance estimation systems (e.g., [25] ) since the channel coefficient fluctuates significantly due to multipath effects (fading). However, in visible light systems, the channel attenuation factor can accurately be related to distance, especially in LOS scenarios, and this relation can be used to improve the accuracy of distance estimation, as will be discussed later in this section. The main aims behind studying distance estimation in the absence of the relation between α and x are to provide a benchmark for analyzing the effects of this relation, and to investigate the previous results in the literature [6] .
In the presence of synchronization and in the absence of a relation between the channel attenuation factor and distance, 3 The assumption of a known height is required for unambiguous estimation of distance based on an RSS measurement (cf., (4)).
the ML estimator [24] can be obtained from (5) as follows:
where the final expression is obtained due to the facts that α > 0 and the TOA parameter in (2) becomes τ = x/c for a synchronous system. For the CRLB derivation in this scenario, it is first assumed that the channel attenuation factor α is known by the VLC receiver. Then, the unknown parameter vector in (5) becomes ϕ = x, and the Fisher information in (6) can be obtained, from (5), as
with s (t) denoting the derivative of s(t) [24] , [26] . Based on (7) and (9), the CRLB is computed as follows:
To provide an alternative expression for the CRLB in (11), E 1 in (10) is expressed, via Parseval's relation, as follows [24] :
where S(f ) denotes the Fourier transform of s(t),
and β is the effective bandwidth of s(t) defined as
From (12), (11) can be stated as
It is noted that the CRLB in (15) is equivalent to that in [6, eq. (5)] for σ 2 = N 0 /2. Hence, the CRLB expression presented in [6] corresponds to a synchronous system in which the channel attenuation factor α is known by the VLC receiver but the relation of α to distance x is unknown. Since only the time delay information is employed to estimate the distance, this scenario is referred to as TOA based distance estimation.
When the channel attenuation factor, α, is unknown, the CRLB can be expressed for this scenario as in the following lemma.
Lemma 1 [21] : When the channel attenuation factor α in (1) is unknown, the CRLB for TOA based distance estimation is given by
where E 1 is as in (10), E 2 is given by (13) , and
Proof: Please see Appendix A.
As expected, the CRLB in (16) is larger than or equal to the CRLB in (11) due to the presence of an additional unknown parameter. It is also observed that the CRLBs become equal when E 3 in (17) is equal to zero. Therefore, for E 3 = 0, the CRLB in [6] also corresponds to a synchronous system in which the channel attenuation factor α is unknown and the relation of α to distance x is unavailable.
Secondly, the following assumptions are considered: (i) the LED transmitter and the VLC receiver are synchronized (i.e., Δ = 0 in (2)) and (ii) the relation between channel attenuation factor α and distance x is known, which is as stated in (4) . The second assumption is practical for VLP systems since the channel attenuation factor can be specified accurately as a function of distance in LOS visible light channels.
In this scenario, the ML estimator can be obtained from (2) with Δ = 0, (4), and (5) as follows 4 :
Compared to the MLE in (8), the MLE in (18) also exploits the relation of the channel attenuation factor with the distance, as noted from the x −m −3 and x −2m −6 terms. Based on (2) with Δ = 0 and the relation in (4), the unknown parameter vector in (5) becomes ϕ = x. Then, from (4)-(6), the Fisher information can be calculated as
with
where E 1 , E 2 , and E 3 are given by (10), (13) , and (17), respectively. From (7) and (19) , the CRLB is computed as follows:
The comparison between the CRLBs in (11) and (21) is provided in the following proposition: (21) is smaller than that in (11) if and only if
Proof: First, the CRLB in (21) is expressed based on (4) as
Then, the ratio of the CRLB in (11) to the CRLB in (23) is given by
where the relation in (20) is employed. Since E 1 , E 2 , m, c, and x are positive by definition, the second term in (25) is positive if and only if the condition in (22) holds. The condition in Proposition 1 commonly holds in practice since x/c is very small (on the order of 10 −8 for indoor scenarios) and/or E 3 is zero for many practical pulses [6] . Hence, the utilization of the relation in (4) is useful for improving the accuracy of distance estimation. From a practical point of view, this implies that instead of estimating (learning) the value of α first and then using that estimate in the TOA based distance estimation, a more efficient approach is to estimate the distance directly based on the model in (1) and (4) since the information in α related to distance x is effectively utilized in that scenario. In other words, in the presence of the relation between the channel attenuation factor and the distance, information in both the channel attenuation factor and the time delay parameter are utilized for distance estimation. Hence, this scenario corresponds to hybrid TOA/RSS based distance estimation as the channel attenuation factor is related to RSS.
Remark 1: To illustrate the improvements that can be achieved by utilizing the relation between α and x, the relation in (25) can be considered for E 3 = 0, which becomes
. Hence, for typical system parameters, the CRLB for the TOA based distance estimation is significantly larger than the CRLB for the hybrid TOA/RSS based distance estimation for β c/x, and they become comparable for high effective bandwidths (on the order of 100 MHz or higher). As an example, for x = 10 m, m = 1, and β = 1 MHz, 1 + c 2 (m + 3) 2 /(4π 2 β 2 x 2 ) = 365.76, which means that the lower limit on the root MSEs (RMSEs) of unbiased estimators is 19.125 times smaller for the hybrid TOA/RSS based distance estimation than that for the TOA based distance estimation. On the other hand, when β = 100 MHz,
2 ) = 1.0365 is obtained, leading to comparable CRLBs.
B. Case 2: Asynchronous System
In this case, it is assumed the channel attenuation factor α and distance x are related as in (4). However, the LED transmitter and the VLC receiver are not synchronized; that is, Δ in (2) is unknown. Hence, the delay parameter τ in (1) and (2) is modeled as an unknown parameter, and the vector of unknown parameters in (5) is specified by ϕ = (x, τ ). Then, the ML estimator can be expressed based on (5) as follows:
which can be re-stated aŝ
The solution of (27) can be obtained aŝ
under the assumption thatC rs is positive. It is noted that in the ML estimator in (26) , the value of τ is estimated as the one that maximizes the correlation between the transmitted and received signals, as shown in (28) . Then, that estimate is employed in the ML estimator, leading to the expression in (27) .
Since the TOA parameter τ cannot be related to distance in this case due to asynchronism (see (2) ), the distance estimation relies on the RSS information via (4) in this case, which is therefore referred to as RSS based distance estimation.
The CRLB for the RSS based distance estimation is given by the following lemma.
Lemma 2: For the signal model in (1) , where the delay parameter is unknown and the channel attenuation factor is given by (4), the CRLB for distance estimation is expressed as
where E 1 , E 2 , and E 3 are given by (10), (13) , and (17), respectively.
Proof: Please see Appendix B.
It is noted that the CRLB expression in Lemma 2 covers that in [7] as a special case for E 3 = 0 (please see [7, eq. (15) 
]).
In the following proposition, the CRLB in Lemma 2 is compared to those corresponding to the TOA based and hybrid TOA/RSS based distance estimation.
Proposition 2: For E 3 = 0, the ratios of the CRLB in (30) to that in (21) and to that in (11) are expressed as
Proof: For E 3 = 0, the CRLB in (21) (equivalently, (23)) becomes
Then, the ratio of the CRLB in (30) 
2 ), which becomes equal to the central expression in (31) based on (12) . In addition, the ratio of the CRLB in (30) 
2 ) due to (12) , leading to the second equality in (31) .
Based on Proposition 2, the following conclusions are made:
r The CRLB for the RSS based distance estimation is very close to the CRLB for the hybrid TOA/RSS based distance estimation for practical indoor positioning systems when β c/x. Since x is less than 10 m in typical indoor scenarios, an effective bandwidth lower than about 1 MHz results in approximately equal CRLBs (cf., Remark 1). In such a case, the distance related information gathered from the time delay parameter becomes negligible compared to the information gathered from the channel attenuation factor (equivalently, RSS).
r For β c/x, the CRLB for the RSS based distance estimation is significantly lower than the CRLB for the TOA based distance estimation; that is, the RSS based distance estimation is much more accurate than the TOA based distance estimation.
r The TOA based distance estimation is more accurate than the RSS based distance estimation when β > (m + 3)c/(2πx). As an example, for m = 1 and x = 5 m, the effective bandwidth should satisfy β > 38.2 MHz for the TOA based distance estimation to be more accurate.
r When β is on the order of (m + 3)c/(2πx), the hybrid TOA/RSS based distance estimation can provide nonnegligible improvements over both the TOA based and the RSS based distance estimation. When β c/x, the CRLBs for the TOA based and hybrid TOA/RSS based distance estimation get very close. Remark 2: Proposition 2 provides comparisons among different approaches based on the CRLBs (i.e., the distance estimation accuracy). On the other hand, with respect to implementation complexity, the RSS based distance estimation has an important practical advantage over the other approaches as it does not require synchronization between the clocks of the LED transmitter and the VLC receiver. Therefore, if the RSS based distance estimation can provide the required level of accuracy for an application, it can be the preferred approach. However, in some scenarios (e.g., for β c/x), a synchronized system design may be required for achieving the desired accuracy level for distance estimation.
Remark 3: Based on the CRLB expressions obtained in this section, the effects of various parameters on the ranging accuracy can be analyzed. For example, the shape of the transmitted signal s(t) can have different effects in the synchronous and asynchronous cases. For synchronous systems, the CRLB depends on the pulse shape via the E 1 parameter (equivalently, the effective bandwidth parameter β in (12)). In particular, for signals with larger E 1 (equivalently, larger β), the TOA based CRLB in (15) and the hybrid TOA/RSS based CRLB in (20) and (21) get smaller; i.e., the accuracy improves 5 . On the other hand, for asynchronous systems, the RSS based CRLB in (30) does not depend on the pulse shape parameter, E 1 , when E 3 = 0, which is commonly the case. As another important parameter, the height, h, can affect the accuracy of ranging systems. For instance, if the height parameter is increased while the irradiation angle φ and the incidence angle θ are unchanged, the distance between the LED transmitter and the VLC receiver increases. Then, it can be observed from (3) that the channel attenuation factor α reduces (i.e., the received power decreases) since the distance gets larger and the other parameters are fixed. Hence, based on (15), (21) , and (30), all the CRLBs increase; that is, the accuracy degrades. On the other hand, if the height parameter is increased from h toh while the horizontal distance D between the LED transmitter and the VLC receiver is kept the same, the accuracy can increase, decrease, or stay the same depending on the parameters h,h, D, and m, which can be analyzed based on (4), (15) , (21), and (30).
IV. EFFECTS OF SAMPLING AND MODIFIED HYBRID ESTIMATOR
It is noted from the MLEs in (8), (18), and (26) that the correlator outputs (i.e., the
r(t)s(t − x/c)dt and
T 2 T 1
r(t)s(t −
τ )dt terms) should be evaluated for all possible distance (delay) values to obtain the ML distance estimates. However, in practical systems, it is costly and power consuming to obtain samples of correlator outputs (equivalently, matched filter outputs) at very high rates [27] . Therefore, it is important to investigate the effects of sampling rate limitations on the MSE performance of the MLEs. In this section, asymptotical analyses are performed (as the noise variance goes to zero) in order to quantify the effects of sampling.
Suppose that the correlator outputs are sampled at integer multiples of T smp seconds, where T smp denotes the sampling period. Also, the normalized autocorrelation function of signal s(t) is defined as
In the following lemma, the asymptotic performance of the TOA based and the RSS based ML distance estimation is specified in the presence of sampling rate limitations. Proof: The expression in (34) simply follows from (8) based on (1) without noise. In particular, for a sampling period of T smp and for σ = 0, (8) becomeŝ
where i is an integer, x denotes the true distance, and ρ(·) is as in (33). Under the assumption in the lemma, the autocorrelation term in (36) is maximized for i = round(x/(cT smp )). Hence, the ML estimate becomesx ML,TOA = cT smp round(x/(cT smp )) and the (mean) squared error is obtained as in (34).
For the RSS based ML estimator in (29) ,C rs in (28) can be calculated, for a sampling period of T smp and for σ = 0, as
where τ = x/c + Δ denotes the time delay as stated in (2) , and the assumption in the lemma is employed to obtain the final expression. Then, the RSS based ML estimator in (29) becomeŝ
which can be expressed via (4) aŝ
From (40), the (mean) squared error can be obtained as in (35). The assumption in Lemma 3 commonly holds in practice for a sufficiently small T smp . For example, ρ(υ) in (33) corresponding to s(t) in (50) is presented in Fig. 1 for T s = 0.1 ms, f c = 100 kHz, and A = 0.1. It is observed that the assumption in Lemma 3 holds for T smp < 1 μs; that is, when the sampling rate is higher than 1 MHz. It should be noted that high sampling rates are already required for accurate distance estimation; hence, the assumption is Lemma 3 is realistic for most practical applications.
From Lemma 3, it is deduced that the TOA based MLE is directly affected from the mismatches between the sampling time instant and the true delay of the incoming signal whereas the effects on the RSS based MLE is through the sensitivity of 
where y denotes the largest integer smaller than or equal to y and y represents the smallest integer larger than or equal to y. Then, the MSE of the hybrid TOA/RSS based MLE in (18) is expressed as
Proof: In the absence of noise, r(t) in (1) becomes r(t) = αR p s(t − x/c) for a synchronized system, where x is the distance between the LED transmitter and the VLC receiver. Replacing the dummy variable x in (18) with u, and then inserting r(t) = αR p s(t − x/c), the objective function for the hybrid TOA/RSS based MLE in (18) can be expressed as where ρ is given by (33). Based on (4), (45) can be expressed as
where the equality follows from (41). For a sampling period of T smp , the hybrid TOA/RSS based ML estimator in (18) (43) and (44). It can be shown that g x (u) in (41) achieves the maximum value at u = x. Hence, the assumption in Lemma 4 is valid for practical scenarios for a sufficiently small T smp and as long as the normalized autocorrelation function, ρ((x − u)/c), does not change rapidly compared to u −m −3 . In Fig. 2 , g x (u) is presented for s(t) in (50), where x = 5 m, T s = 0.1 ms, f c = 100 kHz, and A = 0.1. It is observed that the assumption in Lemma 4 holds for all values of T smp in this case.
Lemma 4 indicates that, similar to the TOA based MLE, the hybrid TOA/RSS based MLE is directly affected from the mismatches between the sampling time instant and the true delay of the incoming signal, and it is subject to a maximum squared error of (0.5cT smp ) 2 due to sampling. For high distance estimation accuracy, the maximum absolute error of 0.5cT smp can be quite undesirable. For example, for a sampling period of T smp = 1 ns, the absolute error induced by sampling can be as high as 15 cm. Hence, the accuracy limits promised by the CRLBs may not be achievable. To alleviate this problem, a modified version of the hybrid TOA/RSS based ML estimator is proposed in this section. The modified hybrid TOA/RSS based estimator is implemented in two steps: (i) Obtain the hybrid TOA/RSS based ML estimatex ML,hyb from (18). (ii) Calculate the final distance estimate aŝ
The main intuition behind the modified hybrid TOA/RSS based estimator is as follows: When the estimatex ML,hyb in (18) is obtained in the presence of sampling errors, the correlator term (18) can be evaluated for x =x ML,hyb and then the distance estimate can be obtained with higher resolution by calculating the maximizer of x (29)).
Under the conditions in Lemma 4, the MSE of the modified hybrid TOA/RSS based estimator in (48) can be expressed in the absence of noise and for a sampling period of T smp as
whereî is as in (44). It is noted from (49) that, similar to the RSS based MLE, the modified hybrid TOA/RSS based estimator is affected from the sampling induced errors through the normalized autocorrelation function, and it is subject to a maximum squared error of
2 due to sampling. Hence, when the normalized autocorrelation function is not very sensitive to timing mismatches, the modified hybrid TOA/RSS based estimator can have robustness against the effects of sampling.
V. NUMERICAL RESULTS
In this section, numerical examples are presented to investigate the theoretical limits and the MLEs for different approaches. A system model similar to that in [6] is considered. Namely, the Lambertian order is taken as m = 1, h in (4) is set to 2.5 m, and the responsivity of the photo detector is given by R p = 0.4 mA/mW. In addition, the area A R of the photo detector at the VLC receiver is equal to 1 cm 2 , and the spectral density level of the noise is set to σ 2 = 1.336 × 10 −22 W/Hz based on the employed parameters in [6] 7 . Signal s(t) in (1) is modeled as follows [6] :
for t ∈ [0, T s ], where f c is the center frequency, and A corresponds to the average emitted optical power (i.e., source optical power). For f c 1/T s , it can be shown that the electrical energy of s(t) defined in (13) and the effective bandwidth of s(t) specified by (14) can be approximated as E 2 = 9A 2 T s /4 and β = f c / √ 3, respectively [6] . In addition, parameter E 3 in (17) is obtained as E 3 = 0 for the signal in (50).
First, the CRLBs are calculated for T s = 0.01 s. when the distance between the LED transmitter and the VLC receiver is given by x = 5 m. In Fig. 3 , the CRLBs are plotted versus the source optical power A for the TOA based, hybrid TOA/RSS based, and RSS based approaches considering different center frequencies. As expected, the hybrid TOA/RSS approach achieves the minimum CRLB in all cases since it utilizes information from both the time delay and channel attenuation factor. It is also noted that the performance of the RSS based distance estimation does not depend on the center frequency. This is due to the fact that RSS information is related to the energy of the signal but does not change with the other signal characteristics, which can be observed from (30) in Lemma 2 for E 3 = 0; that is,
. Another observation from Fig. 3 is that the TOA based distance estimation has significantly higher CRLBs than the other approaches for relatively low center frequencies, for which the RSS based and hybrid TOA/RSS based approaches achieve almost the same accuracy (as the distance related information obtained from the TOA parameter becomes negligible). On the other hand, the TOA based distance estimation achieves lower CRLBs than the RSS based approach for high center frequencies; e.g., f c = 180 MHz [28] , [29] . In that case, the information obtained from the TOA parameter becomes more significant than that extracted from the RSS parameter (channel attenuation factor), and the TOA based and hybrid TOA/RSS based approaches have almost the same performance. All these observations are in accordance with the relation in Proposition 2.
In order to provide further insights, the theoretical limits are plotted versus f c in Fig. 4 for the TOA based, hybrid TOA/RSS based, and RSS based approaches, where x = 5 m. and A = 0.1. It is observed that the accuracy of the TOA based distance estimation improves with f c since E 1 in (12) increases with f c . Also, there exists a critical frequency, which is equal to 66.16 MHz in this scenario, after (before) which the TOA based distance estimation achieves a lower (higher) CRLB than the RSS based approach. It is also noted that the hybrid TOA/RSS based approach provides nonnegligible improvements over both the TOA based and RSS based approaches around that critical frequency.
Next, the CRLBs are plotted versus the signal duration T s in Fig. 5 for the TOA based, hybrid TOA/RSS based, and RSS based approaches, where x = 5 m. and A = 0.1. As the signal energy increases with T s (note that E 2 = 9A 2 T s /4), the performance of distance estimation improves with T s , as expected. As in Fig. 3 , it is observed that the TOA based distance estimation achieves lower (higher) CRLBs than RSS based distance estimation for higher (lower) center frequencies. It is also noted that for the RSS based distance estimation to achieve a CRLB of 1 cm, the signal duration should be around 6 ms. On the other hand, shorter signal durations can be employed by the TOA based and hybrid TOA/RSS based approaches for high center frequencies (e.g., T s ≈ 0.6 − 0.7 ms. for f c = 180 MHz.).
In Fig. 6 , the CRLBs are plotted versus the distance x between the LED transmitter and the VLC receiver for f c = 1 MHz, f c = 75 MHz, and f c = 180 MHz, where T s = 0.01 s and A = 0.1. It is intuitive that the estimation accuracy degrades (i.e., the CRLBs increase) as the distance gets larger. This intuitive observation is also verified by the expressions in (11), (21) , and (30) via the relations in (4) and (20) . Also, it is noted from Fig. 6 that in some cases (e.g., for f c = 75 MHz) the RSS based distance estimation can have lower CRLBs than the TOA based approach up to a certain distance and then it results in higher CRLBs after that distance. This is due to fact that the CRLB (in meters) increases with x m +4 for the RSS based approach whereas it increases with x m +3 for the TOA based approach, as can be deduced from (4), (11) , and (30) .
It should be emphasized that although the comparisons in Figs. 3-6 are based on the CRLBs (i.e., the distance estimation accuracy), implementation complexity should also be considered for practical applications. As stated in Remark 2, the RSS based distance estimation has an important practical advantage over the other approaches since it does not require synchronization between the clocks of the LED transmitter and the VLC receiver. Hence, if the RSS based distance estimation can provide the required level of accuracy for an application, it can be the preferred approach. Otherwise, a synchronized system design may be required for achieving the desired accuracy level for distance estimation.
Finally, the MLEs in Sections III and IV are implemented and compared for a scenario with x = 5 m., T s = 0.1 ms, f c = 1 MHz, Δ = 0 (see (2)), and T smp = 1 ns. In Fig. 7 , the RMSEs of the TOA based MLE in (8) , the hybrid TOA/RSS based MLE in (18) , the RSS based MLE in (29) , and the modified hybrid TOA/RSS based estimator in (48) are illustrated along with the CRLBs 8 . As expected from the analysis in Section IV, the TOA based MLE and the hybrid TOA/RSS based MLE are directly affected by the sampling rate limitation and their RMSEs converge towards 0.1 m. in accordance with (34) and (43). On the other hand, the asymptotic RMSEs of the RSS based MLE and the modified hybrid TOA/RSS based estimator are calculated from (35) and (49) as 9.14 × 10 −7 m., which is outside the practical accuracy range. Hence, the sampling rate limitation does not have any significant effects on these estimators in this scenario. It is also noted that the modified hybrid TOA/RSS based estimator converges to the CRLB faster than the RSS based MLE, and achieves the best performance for all power levels of interest. In addition, the hybrid TOA/RSS based MLE has lower CRLBs than the TOA based MLE since it utilizes both the time delay and RSS information. In Fig. 8 , the RMSEs of the MLEs are plotted versus T smp in the absence of noise to investigate the effects of the sampling period, where x = 5 m, T s = 0.1 ms, f c = 1 MHz, and Δ = 0. In the figure, the sampling period T smp is incremented with a step size of 10 −12 s. It is observed that the RMSEs of the MLEs fluctuate as T smp changes, which is due to the fact that the RMSE converges towards zero as the distance, x, gets close to an integer multiple of cT smp (where c is the speed of light). This observation can also be verified based on (34), (35), (43), and (49). In addition, Fig. 8 indicates that the local averages of the RMSEs reduce in general as the sampling rate increases (i.e., as T smp decreases). Furthermore, the asymptotic RMSEs of the modified hybrid TOA/RSS based MLE and the RSS based MLE are observed to be outside the practical accuracy limits whereas those of the TOA based MLE and the hybrid TOA/RSS based MLE are in 8 The search space for possible distance values is set to [0, 100] m. for all the estimators. Therefore, the MLEs in Fig. 7 can also be considered as maximum a posteriori probability estimators [24] for a uniform prior distribution of x over [0, 100] m. the range of practical accuracy limits. Hence, the sampling rate limitation can be crucial for the TOA based MLE and the hybrid TOA/RSS based MLE.
VI. RELATION TO POSITION ESTIMATION
Wireless position estimation is commonly performed in two steps, where position related parameters such as distances or angles are estimated in the first step and the position is estimated based on those estimated parameters in the second step [27] . Therefore, distance estimation investigated in this study can be considered as the first step in a wireless localization system. As the accuracy of distance estimation improves, position estimation also gets more accurate in general. To present a formal relation between position estimation and distance estimation accuracy, let l r = [l r,1 l r,2 l r,3 ] denote the location of the VLC receiver, and l t 1 , . . . , l t N , with l t i = [l t i ,1 l t i ,2 l t i ,3 ], represent the known locations of the LED transmitters, which are utilized for the localization of the VLC receiver. For sufficiently high signal-to-noise ratios (SNRs) (which is commonly the case in LOS visible light channels), the ML estimate for the distance between the VLC receiver and the ith LED transmitter can be stated asx
for i = 1, . . . , N, where the noise components ς 1 , . . . , ς N are independent, x i = l r − l t i 2 , and ς i is modeled as a zeromean Gaussian random variable with a variance that is equal to CRLB i , i.e., the CRLB for estimating x i based on the received signal coming from the ith LED transmitter [24] , [30] . In other words, at high SNRs, the ML estimate for the distance is modeled by a Gaussian random variable with a mean that is equal to the true distance and a variance that is equal to the CRLB [24] , [30] . It is noted that the results in Section III specify CRLB i for various estimation approaches (TOA based, RSS based, and TOA/RSS based).
The CRLB for estimating the position l r of the VLC receiver based onx 1 , . . . ,x N can be expressed as [24] 
where J(l r ) denotes the FIM related to l r (cf., (6)). Since the height of the VLC receiver is assumed to be known (cf., Section II), the aim is to estimate the first two elements of l r ; that is, l r,1 and l r,2 . Hence, based on (6), the FIM can be specified for the model in (51) as follows:
Then, the CRLB in (52) is calculated as
From (53), the CRLB for position estimation can be specified based on the CRLBs for estimating the distances between the VLC receiver and a number of LED transmitters. Therefore, the results related to distance estimation in Section III provide guidelines for position estimation, as well.
It is important to note that, in the presence of multiple LED transmitters, the VLC receiver can observe and process the signals from the LED transmitters individually by employing multiple access techniques such as time division multiplexing and frequency division multiplexing [12] , [14] , [31] .
VII. CONCLUDING REMARKS
In this study, theoretical limits and estimators have been obtained for both synchronous and asynchronous VLP systems and in the presence and absence of a relation between distance and channel attenuation factor. In particular, the CRLBs and MLEs have been derived for the TOA based, RSS based, and hybrid TOA/RSS based distance estimation. Comparisons among the CRLBs have been provided, and it has been shown that the CRLB for the hybrid TOA/RSS based estimation converges to that of the TOA based distance estimation for β c/x, and to that of the RSS based distance estimation for β c/x. Also, asymptotic results have been obtained for the MLEs under sampling rate limitations, and a modified hybrid TOA/RSS based distance estimator has been proposed to perform accurate distance estimation in practical scenarios. It has been shown that the RSS based and the modified hybrid TOA/RSS based distance estimators can provide robustness against sampling rate limitations, and the modified hybrid TOA/RSS based distance estimator achieves the lowest MSEs among all the estimators in practical scenarios.
As future work, theoretical limits on distance estimation will be considered in the presence of uncertainty about the height of the VLC receiver. In addition, measurements from multiple LED transmitters will be employed to perform hybrid TOA/RSS based estimation in 3-D VLP systems (as outlined below). Another important direction would be to perform an experimental study for evaluating the performance of the MLEs and the tightness of the CRLBs in real-world conditions.
In the presence of multiple LED transmitters, the VLC receiver can process the received signals from the LED transmitters for determining its 3-D position. If r i (t) denotes the received signal from the ith LED transmitter, where i = 1, . . . , N, the CRLB expressions and the ML estimators should be derived based on the conditional distribution of r 1 (t), . . . , r N (t) given the unknown parameters, which include the location of the VLC receiver and other nuisance parameters, if any. As a practical approach, the VLC receiver can perform two-step position estimation, which has lower implementation complexity and can achieve similar performance to the one-step (joint) optimal processing at high SNRs [27] . In this common approach, position related parameters such as TOA and/or RSS are estimated in the first step and the position of the VLC receiver is estimated based on those position related parameters in the second step. The detailed theoretical analyses and the derivations of the ML estimators and the two step estimators in the presence of multiple LED transmitters are considered as future work.
APPENDIX

A. Proof of Lemma 1
Although the proof can be obtained as a special case of the derivation in [21] , it is provided below for completeness.
When α is unknown, the vector of unknown parameters becomes ϕ = (x, α) and the log-likelihood function in (5) can be expressed as Λ(x, α). Then, the FIM in (6) is given by
where E 1 , E 2 , and E 3 are given by (10), (13) , and (17), respectively. Then, the CRLB on the MSE of any unbiased estimator x of x is given by the first element of the inverse of the FIM [24] ; that is,
which can be obtained as in (16) based on (55).
B. Proof of Lemma 2
For the model in (1), when the TOA parameter τ is modeled as unknown and the channel attenuation factor α is given by (4), the vector of unknown parameters becomes ϕ = (x, τ ) and the log-likelihood function in (5) can be denoted by Λ(x, τ ). Then, the FIM in (6) becomes
